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In this paper we consider sufficient conditions for global existence of solutions to 
a differential inclusion, dx/dt E F(r, I), assuming existence of local solutions to it by 
means of Lyapunov’s second method. Our theorem includes as special cases S. W. 
Seah’s theorems (1982, J. Math. Anal. Appl. 89, 648-663). 7; 1992 Academic Press, Inc. 
1. INTRODUCTION 
Many authors [24,6-l 1 ] have discussed the existence of solutions on 
a finite interval of [0, co) of a differential nclusion 
dx/dt EF( t, x) (1) 
by utilizing a selection theorem and Schauder’s fixed point theorem under 
the condition that F(t, x) be bounded or integrably bounded. 
Recently, S. W. Seah [14] proved that the differential inclusion (1) has 
a global solution which exists on [to, co) under various boundedness con- 
ditions on F( t, x) and considered also sufficient conditions for (1) to have 
asymptotic equilibrium under the same conditions on F(t, x). First of all, 
he proved the following theorem on existence of a global solution by using 
J. L. Davy’s result [6] and the tehnique of Bulgakov [3]. 
THEOREM 3.3 [14]. Zf there xist nonnegative functions f,(t) and f2(t) 
which are locally integrable on [0, co) such that for each x E R”, jF( t, x)1 < 
f,(t) Ix +fi(t) a.e. on [0, CD), then to each (to, x,,)E [0, GO)X R”, the 
differential nclusion (1) has a solution x(t; t,, x0) existing on [to, m) 
whenever the following conditions are satisfied: 
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(Hl) F( t, x) is nonempty, compact, convex for each (t, x) E 
co, cO)xR”, 
(H2) F(t, x) is upper semicontinuous in x E R” for each t E [0, a~), 
(H3) F( t, x) is measurable in t E [0, 00) for each x E R”. 
Utilizing the corollary of this theorem Seah presented several sufficient 
conditions for existence of a global solution of (1) by giving the majorant 
of F(t, x), that is, a(t) A( [xl), or a more general majorant. 
The purpose of this paper is to present global existence theorems of solu- 
tions assuming existence of local solutions to (1) by using Lyapunov’s 
second method and the comparison theorem which was proved by 
C. Olech and Z. Opial [ 121. Furthermore, we introduce the concept of 
uniform boundedness of backward solutions of (1) and present a general 
sufficient condition for the differential inclusion (1) to have asymptotic 
equilibrium. As corollaries we obtain Seah’s theorems. 
In Section 2, we give preliminaries. In Section 3, we prove the main 
theorem of this paper. Finally, in Section 4, we consider the problem of 
asymptotic equilibrium for solutions of ( 1). 
2. PRELIMINARIES 
Let R” be the n-dimensional Euclidean space and 1x1 = (C xf)l’* denote 
the norm of an element x = (xi, x2, . . . x,) E R”. Let A be a subset of R’ and 
let B be a subset of R”. Then, let 
(A)+ =sup{a:aEA}, 
1Bl=sup{lbl :beB}, 
~x;b;:b=(b,,b, ,..., b )EB 
We consider the differential nclusion 
dxldt E F( t, x), (1) 
where F(t, x) is a multivalued function from [0, co) x R” into the set of 
nonempty closed subsets of R”. By a solution of (1) with an initial value 
(to, 4, to20, x,eR”, we mean an absolutely continuous function 
x(t): [to, T] (or [to, co)) + R” such that dx(t)/dtE F(t, x(t)) almost 
everywhere on [to, r] (or [to, co)). 
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In this paper, we discuss global existence of solutions of (1). Thus, 
throughout this paper, we suppose always that 
(*) the differential inclusion (1) has a local solution for any initial 
value (&,x0), to>O, xOER”. 
For the convenience of the readers we present several sufficient condi- 
tions for the existence of local solutions. 
For example, in [7, p. 83, Theorem 51, A. F. Filippov presented the 
following theorem, which is an extension of a theorem by J. L. Davy [6], 
by using a lemma on approximation solutions proved by him. 
THEOREM A [7]. Let a multivaluedfunction F: [It,, tl] x D + R”, where 
t,, t, 2 0 with t, > to and D = {x E R” : Ix0 - XI 6 h, h > 0}, x0 E Ry, satisfy 
the following conditions: 
(A 1) F( t, x) is nonempty, closed, convex for each (t, x) E [t,, t I ] x D, 
(A2) F(t, x) is upper semicontinuous in XE Dfor each tE [to, t,], 
(A3) There exists a single-valued function f(t, x) c F(t, x) which is 
measurable in t E [t,, t, ] for each x E D. 
If there exists an integrable function g: [to, t,] + [0, 00) such that 
If( t, x)1 < g(t) on [t,, t, ] for all x E D, then the differential inclusion (1) 
has a solution x(t)=x(t; t,, x,), X~E R”, for all tE [to, to+d], d>O 
(t,+ddtl). 
Let F: [0, co) x R” -+ R” be a multivalued function. Then, the following 
condition will be used later. 
(A4) There exists a single-valued function f(t, x) c F(t, x) which is 
measurable in t E [0, cc ) for each x E R”. 
In the case where the set F(t, x) can be non-convex, H. Kaczynski and 
C. Olech proved the following theorem. For the existence of a solution it 
is insufftcient that the multivalued function F(t, x) is upper semicontinuous. 
THEOREM B [ 111. Let a multivalued function FI [t,, tl ] x D --t R”, 
where tl,to>O with t,>t, and D=(x~R”:lx~-xl<b,b>O), x~ER” 
satisfy the following conditions: 
(Bl ) F( t, x) is nonempty and closed for each (t, x) E [t,, t 1 ] x D, 
(B2) F(t, x) is continuous in xE D for each t E [to, t,], 
(B3) F(t, x) is measurable in te [to, t,] for each XED. 
Zf there exists an integrable function g: [to, t,] + [0, co) such that 
1 F( t, x)1 < g(t) on [t,, t 1] for all x E D, then the differential inclusion (1) 
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has a solution x(t) = x(t; to, x0), x0 E R”, for all t E [to, to + d], d> 0 
(t,+d<tl). 
THEOREM C [13]. For the differential inclusion (1) suppose that all 
conditions of Theorem B hold except condition (B2), which is replaced by the 
following condition: 
(Cl) At the points at which the set F(t, x) is convex, F(t, x) is upper 
semicontinuous in x E D and at all other points, F(t, x) is continuous inx E D. 
Then, the same conclusion asthat in Theorem B holds. 
Now, we need the following definition for utilizing the differential 
inequality in the sense of Carathiodory. 
DEFINITION 1. A function g(t, u): [0, cc) x R’ -+ R’ is said to satisfy the 
Caratheodory condition if 
(a) g( t, u) is continuous in u for each fixed t b 0 and measurable in 
t for each fixed u E R’; 
(b) for each (to, u,,) E [0, co) x R’, there exist a suitable rectangle 
R(t,, uO) = ((t, u) E [0, co) x R’ : It - t,,l 6 a, Ju - uOl <h} and an 
integrable function M(t) defined on T(t,) = (t E [0, co) : )t - t,] < a} such 
that Ig(t, u)l d M(t) on R(t,, +,). 
The following theorem plays a fundamental role in this paper. 
THEOREM 1 [ 12, p. 433. Let g(t, u): [0, x) x R’ + R’ satisfy the 
Caratheodory condition. If there exists an absolutely continuous function 
m(t): [to, t,+ a] -+ R’, where a > 0, satisfying 
m’(t) d g(t, m(t)), ae. t G [to, f. + a] 
and m(r,) < uo, then m(r) < r(f), tE It,, to + a], where r(t), to < t d to + a, 
is the maximal solution of the differential equation duldt = g(t, u) with 
r( to) = uo. 
3. GLOBAL EXISTENCE OF SOLUTIONS 
In this section we discuss sufficient conditions for global existence of 
solutions of the differential inclusion (1) assuming existence of local solu- 
tions to (1). Here, we note that the comparison equation du/dt = g( t, u) 
which appears in the theorems below always has a local maximal solution 
for any initial value [S]. Our result extends to a multivalued context the 
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theorem of R. Conti [12], which is well known in the theory of ordinary 
differential equations, as follows: 
THEOREM 2. For the differential inclusion (l), suppose that the multi- 
valued function F: [0, co) x R” -+ R” has sufficient conditions to satisfy 
assumption (*) and that there exist a function g( t, u): [0, CD) x RI + R1 
which satisfies theCarathtodory condition a d a function v(t, x): [0, co) x 
B(6) -+ R’ (6 > 0) which is continuously differentiable withrespect to (t, x) 
satisfying thefollowing conditions: 
(2a) (&(t,x)/8t+ [&(t,x)/~x]~F(t,x))+6g(t,v(t,x))for alltb0 
and all x E B(6), 
(2b) v(t, x) + co as 1x1 + a3. 
If for any initial value, the maximal solution f the differential equation 
dujdt = g( t, u) exists in the future, then any solution of the differential 
inclusion (1) exists also in the future. 
Remark 1. The function o(t, x) is called the Lyapunov function. 
Proof Let (to, x,), to 3 0, x0 E R”, be any given initial value and let 
x(t) = x( t; to, x0) be a solution of (1) existing on [to, to,] for some to, > to 
the existence of which is guaranteed by assumption (*). Without loss of 
generality, we may assume that x(t) E B(6) for all t 3 to. Then, 
dv(t, x(t))/dt = &(t, x(t))/& + [&(t, x(t))/ax] .dx(t)/dt~&(t, x(t))/& 
+ CWt, -4t)Mxl . F(t, x(t)). 
Fence, by condition (2a) we obtain that 
dv(t, X(t))/dt < At, v(t, x(t))). 
Now, let u,, > o(t,, x,,). Since the function u(t, x(t)) is absolutely continuous 
on [to, to,], by the comparison theorem (Theorem 1) 
46 x(t)) 6 r(t; to, uo), to < t d to,, 
where r(t; to, uo) is the maximal solution of du/dt = g(t, u) with 
r(t,; to, uo) = uo. Therefore, by the standard argument, the proof of the 
theorem is complete. 
As the corollary, we present the following theorem. 
THEOREM 3. For the differential inclusion (I), suppose that the multi- 
valued function F: [O, 00) x R” + R” has sufficient conditions to satisfy 
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assumption (*) and that there exists a function g(t, u): [0, co) x R’ -+ R’ 
satisfying theCarathPodory condition a d the inequality 
IF(t, XII 6 g(t, I4 ), t 3 0, x E B(6), 
where 6 > 0 is a positive r al number. 
If for any initial value, the maximal solution fthe differential equation 
du/dt = g(t, u) exists in the future, then any solution of the differential 
inclusion (1) exists also in the future. 
Proof: Let v(t, x) = 1x1, t3 0, XE B(6). Then, 
(au(t,x)/at+ [av(t,x)/ax] .F(t,x))’ 
Qup{/ i X,Wi/~Xl~ :wEF(t,-X)A 
;= I 
Isup{ Iw/ : WE F(t, x)} 
= lF(c XII 
6 g(t, 44 xl), 
which completes the proof of the theorem by using Theorem 2. 
COROLLARY 3.1. For the differential inclusion (l), let conditions (H2) 
and (A4) satisfy and moreover let F(t, x) be closed, convex, and nonempty 
for each (t, x) E [0, 00) x R”. And suppose that the function g(t, u): 
[0, co)xR’+R’ satisfies theCarathiodory condition a d the inequality 
IF(t,x)l<g(t,Ixl)forallt>OandxER”. 
If for any initial value, the maximal solution fthe differential equation 
duldt = g(t, u) exists in the future, then any solution of the differential 
inclusion (1) exists also in the future. 
Proof: By Theorems 3 and A, the proof of the corollary iscompleted. 
As corollaries of Theorem 3, we present Seah’s results. Here we note that 
Seah proved that the differential inc usion (1) had a global solution for any 
initial value although we prove any solution of (1) exists in the future 
under the same conditions except the condition that F(t, x) be compact, 
which is replaced by the condition that F(t, x) be closed. Seah’s theorems 
are insuffkient as the global existence theorems of solutions because the 
uniqueness ofthe solution of (1) is not in general guaranteed. Thus, we 
note that our corollaries contain Seah’s results. 
COROLLARY 1 (see Theorem 3.3 of [ 141). For the differential inc usion 
(l), let conditions (H2) and (A4) satisfy and moreover let F(t, x) be closed, 
convex, and nonempty for each (t, x) E [0, 00 ) x R”. If the inequality 
IF(t, XII d4t) + B(t) 1x1, t>O,xER” 
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holds, where a(f), j(t) EL&,( [IO, oo), R+ ), then any solution f(1) exists in 
the future. 
Proof For any fixed (to, x0), let D = {x E R” : Ix0 - XI < b, b > O}. Now, 
let~=sup{~x~:x~D}.Then,~F(t,x)~~cc(t)+~(t)~on[O,Oo)xD.There- 
fore, by Theorem A there exists a local solution of (1) passing throughout 
(to, x0). And the solution of du/dr = a(t) + /I(t)u with any initial value 
(to, u,), to 3 0, u0 > 0, exists in the future. Thus, the proof of the corollary 
is complete by Theorem 3. 
COROLLARY 2 (see Theorem 3.5 of [ 14 3). For the differential inc usion 
(1) Jet conditions (H2) and (A4) satisfy and moreover let F( t, x) be closed, 
convex, and nonempty for each (t, x) E [0, co ) x R”. if the inequality 
lF(t, x)l 6 a(f) 4lxl), t>O,xER”, 
I 
= l/I(u) du = co 
holds, where a(t) EL:,,( [0, co), R+ ) and A( ) u 1s a continuous function with 
A(t) > 0 for all u> 0, then any solution f(1) exists in the future. 
Proof: Foranyfixed(t,,x,),letD={x~R”:~x,-xl<b,b>O}.Now, 
let 0=sup{l(Ixl) : XE D}. Then, IF(t, x)] 6 a(t)0 on [0, co) x D. Therefore, 
by Theorem A there exists a local solution of (1) passing throughout 
(to, x0). And any solution of du/dt = a(t) L(u) exists in the future under the 
conditions of the corollary. Thus, the proof of the corollary is complete by 
Theorem 3. 
Here we present an example which was communicated by T. S. Angell. 
EXAMPLE 1. Any solution of the differential inclusion dx/dt EF(t, x) 
exists in the future where 
F( t, x) = t( t+ x*‘~ cos x) + U( t, x), tE[O, co),x~R’ 
with U(t, x) = [ - 1, +l]. 
Proof Since IF(t,x)lQt2+t+1+tIxl for all t>O and XER’, the 
proof of the example is complete by applying Corollary 1. 
4. ASYMPTOTIC EQUILIBRIUM 
The differential inclusion (1) is said to have asymptotic equilibrium if 
every solution of (1) tends to a finite limit vector 5 as t -+ cc and to every 
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constant vector 5 with 1 r 1 < J (1 may be cc ) there exists a solution x(t) of 
(1) such that x(t) -+ l as t + co. 
In this section, consider a sufficient condition for the differential inclu- 
sion (1) to have asymptotic equilibrium. In other words, we present a 
generalization of main theorems in Section 4 of [14], specifically 
Theorems 4.5 and 4.10. For this end, we need the following definitions. 
DEFINITION 2. A local solution x(t) = x( t; t, , x,) of ( 1) is said to be a 
forward solution if x(t) exists on [t,, t, + IX), CI > 0, and is said to be a 
backward solution if x(t) = x( r; r, x, ) exists on (r ,- fi, r, 1, b > 0. 
DEFINITION 3. Backward solutions x(r) of (1) are said to be uniformly 
A-bounded for a time r, 3 0 if for any fixed IY E (0, A), there exists a p(m) > 0 
such that Ix(r)1 </?(a) for all rE [r,, r,] provided that Ix(r,)l cc1 for any 
r, > r,. If jU = co, backward solutions x(r) of (1) are said to be uniformly 
bounded for a time r, 3 0. 
The following proposition gives an example of uniformly A-bounded 
backward solutions x(r) = x( r; r, , x, ) of ( 1). 
PROPOSITION 1. Suppose that there exist nonnegative, integrable finc- 
rions u(r), /I(r) defined on [0, CC ) and a monotone nondecreasing, positive, 
continuous function h(u) defined on R + satisfying 
F’(c -4 G dd h(lxl) + B(r), x E R”, r 2 0. 
Let H(u) be a primitive function of l/h(u). Iffor some r, > 0, there xists a
A>0 such that (H[lx,l+~~/?(s)ds]+~~~a(s)ds:r,dtdr,~oo, x,ER” 
with O< lx,1 <A} is contained in the range of H( .), then the backward 
solutions of (1) are uniformly I-bounded for the rime r,, 3 0 (A may be CC ). 
ProoJ Let r, be any fixed time such that r, > r, and let r, < r < r,. Let 
x(r) = x(r; r,, x,), r, < r d r, denote the backward solution of (1). Then, 
since 
I.40 d lx,l + i j’ Ix’W dsl 
11 
G 1x11 + j-:B(s)d~+ j-~rOh(l-Wd~~. 
by using Bihari’s inequality [12], we obtain that 
Ix(r; r,, x,)1 d H-l H Ix I + { [ 1 c8(s)ds]+li:a(s)dsl} 
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for all t E [to, r,], which implies that 
for all t E [to, r,]. This completes the proof of the proposition. 
Remark 2. If h(u) = U, Proposition 1 implies Seah’s lemma 
(Lemma 4.1). In this case, the backward solutions of (1) are uniformly 
bounded for the time t, = 0 (that is, i = cc). 
DEFINITION 4. A function g(t, u): [0, co) x R + -+ R’ is said to satisfy 
condition (a) in u if for any compact set D c R+, there exists an integrable 
function gD(t): [0, co) -+ R+ such that I g(t, u)l d gD(t) for ail (t, U) E 
[0, co)x D. 
Remark 3. The following functions atisfy condition (cx). 
(c) cr(t)h(u)+fi(t), where cc(t), fl(t)~L’([O, co), R’), and ME 
CL-R+, R’l, 
(d) g(t, u): [0, cc)x R+ --*RI, where g(t, u) is integrable in t for any 
fixed u E R + and is monotone nondecreasing in u for any fixed t > 0. 
THEOREM 4. For the differential inc usion ( I), let conditions (H 1 ), (H2), 
and (H3) satisfy. And suppose that there exists a funcktion g(t, u): 
[O,a)xR++R+ satisfying theinequality 
IF(f, XII d s(c IxIL tbO,x~R”, 
where g( t, u) is measurable in t for any fixed u 3 0 and is continuous inu for 
any fixed t > 0. Furthermore, suppose that g( t, u) satisfies condition ( GI) in u 
and the solutions of the coparison equation duldt = g(t, u) are uniformly 
bounded. If the condition 
(4a) the backward solutions of (1) are uniformly I-bounded for the 
time to LO, 
holds, then for any x, E R” with 0 < (x,( c A, there xists a solution x(t) of 
(1) such that x(t) + x, us t + co. 
Proof Take a u0 E R+ such that % > u0 > 1x,1. For each k = 0, 1,2, . . . . 
let xk(f) = x( t; t, + k, x~) be a backward and forward solution of (1) 
passing through (to + k, x,). Since the backward solutions of (1) are 
uniformly I-bounded for the time t, > 0, there exists a /?(q,) > u0 such that 
Ix,(t)1 < jI(u,,) for all t E [to, t, + k], and moreover, since the solutions of 
du/dt = g(t, u) are uniformly bounded, there exists a B > fi(uO) such that 
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Ir( t; t, + k, uO)l < B for each integer k > 0, where r(t; t,, + k, I+,) denotes the 
maximal solution passing through (t, + k, uO) of du/dt = g(t, u). Thus, we 
obtain that Idx,(t)/dtl 6 IF(t, xk(f))l d g(t, Ixk(t)l), to< t, and IxAt)l <
r( t; t, + k, u,), t, + k d t, from the arguments in the proofs of Theorems 2 
and 3. Therefore, setting D = {U : 0 6 u < B}, it follows that there exists an 
integrable function gD(t): [0, co) + R+ such that 
Mt)l <B, t, d t, 
Idxd~Wl d gdt), t,<t,k=0,1,2 ,..., 
which implies that the sequence { xk( t)} is uniformly bounded and equicon- 
tinuous on [to, co). Therefore, there exists a subsequence that converges to 
some function x(t). We denote also this subsequence by { x,Jt)}. By 
Theorem 2.6 of [ 141, x(t) is a solution of (1) existing on [to, co). Then 
note that xk(t) =x, + jio+k xi(s) ds, k = 0, 1, 2, . . . from which we obtain 
that 
Ixk(t) -x,1 6 j’ gAsI ds . 
fo + k 
Now, for any fixed t 2 t,, since xk(t) converges to x(t) letting k --+ co and 
go(t) is integrable on [0, co), we get that 
Ix(t) - x,I 6 J,x g&I & 
which completes the proof of the theorem. 
THEOREM 5. Suppose that all the hypotheses of Theorem 4 are satisfied 
except condition (4a), which is replaced by 
(5a) there exists a time T, > t, and for any (t, x0) E ( T,, co ) x R”, 
there exists a backward solution x(t; t, , x,), T, 6 t < t, , uniformly bounded 
in t, for each fixed x0 E R”. 
Then, the conclusion of Theorem 4 holds. 
Remark 4. Theorem 3.6 of [ 141 gives an example of conditions which 
guarantee condition (Sa). 
THEOREM 6. Suppose that all the hypotheses of Theorem 4 or Theorem 5 
are satisfied. Then, the differential inclusion (1) has asymptotic equilibrium. 
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